Parametric resonances provide a mechanism by which particles can be created just after inflation. Thus far, attention has focused on a single or many inflaton fields coupled to a single scalar field. However, generically we expect the inflaton to couple to many other relativistic degrees of freedom present in the early universe. Using simulations in an expanding Friedmann-Lemaître-RobertsonWalker spacetime, in this paper we show how preheating is affected by the addition of multiple fields coupled to the inflaton. We focus our attention on gravitational wave production-an important potential observational signature of the preheating stage. We find that preheating and its gravitational wave signature is robust to the coupling of the inflaton to more matter fields.
I. INTRODUCTION
After inflation the universe is cold and far from thermal equilibrium. Early ideas for how to reheat the universe after inflation involved standard model particle production via oscillations of the inflaton about the minimum of its potential [1] [2] [3] [4] . The coupling between the inflaton and matter fields, however, can lead to parametric amplification of the quantum fluctuations of the matter fields. Thus, the reheating process can be preceded by a stage of exponential particle production which has become known as preheating [5] [6] [7] .
Inflation produces a stochastic background of gravitational waves through the amplification of primordial quantum fluctuations [8, 9] . It turns out that preheating may also lead to the production of a gravitational wave background. This realization was first made by Khlebnikov and Tkachev [10] in a quartic inflation model. A similar estimate by Garcia-Bellido somewhat later [11] , showed that in hybrid inflation the frequency of the peak in the spectrum could be brought down to about 1 kHz, the frequency range where where current earth-based interferometric gravitational-wave detectors operate.
This problem has received much attention recently [12] [13] [14] [15] [16] [17] [18] [19] [20] . Most of this work uses LatticeEasy [21] to numerically evolve the inflaton and other scalar fields in Friedmann-Lemaître-Robertson-Walker (FLRW) spacetimes [21] , but different schemes to compute the metric perturbation and gravitational wave spectrum. There is now general agreement on the gravitational wave signal predicted by the preheating mechanism [19] . All of this work used toy models with one inflaton field and one (scalar) matter field. More recently there has been some progress in our understanding of preheating with many inflaton fields [22] [23] [24] , a possibility suggested by stringtheory-based inflation scenarios.
Generally, we expect the inflaton to couple to many of the degrees of freedom present in the early universe. Up until now, the effect of these extra fields on the resonance and the gravitational wave signature of preheating has not been explored. Using simulations in an expanding FLRW spacetime, in this paper we show how preheating is affected by the addition of multiple fields coupled to the inflaton, focusing our attention on gravitational wave production. We briefly discuss the possibility of determining the number of fields the inflaton is coupled to from the gravitational wave signature.
In Sec. II we review the dynamics of preheating and outline our computational strategy to calculate the gravitational wave spectrum. In Sec. III we discuss our results for quartic and quadratic models of inflation, for the case when the inflaton is coupled to between 1 and 32 matter fields. Throughout we compare our results to the wellknown case where the inflaton is coupled to a single field. We conclude in Sec. IV.
II. MODEL AND COMPUTATIONAL METHOD
We will consider a simple extension of the usual preheating model [5] in which the inflaton, φ, is coupled to a set of N scalar fields, χ α , according to the Lagrangian
where V (φ, χ α ) contains both the inflationary potential, V (φ) and the interactions between the inflaton and the scalars,
For simplicity we will assume that the coupling between the matter fields and the inflaton, g 2 , is the same for all fields. The fields evolve in a FLRW spacetime, which takes the form
in cosmological and conformal coordinates respectively. In this paper we will consider both quadratic, V (φ) = m 2 φ 2 /2, and quartic, V (φ) = λφ 4 /4, inflationary models. The fields obey the usual Klein-Gordon equations,
To show that we can achieve parametric resonance in this model, it's easiest to recast Eq. (6) in terms of the mode equations of χ α ,
where we use the Fourier convention,
Before we extend our analysis to many fields, we will briefly review the phenomenon of parametric resonance. In both quadratic and quartic inflation, the end of inflation is marked by coherent oscillations of the φ field. At the end of quadratic inflation, temporarily ignoring the expansion of the universe, the inflation will oscillate sinusoidally, φ( x, t) = Φ sin(mt).
In the case of a single coupled scalar, χ, the mode equations Eq. (7) can be cast into a Mathieu equation [25] ,
using the coordinate transformation,
where primes denote differentiation with respect to z. Solutions to Eq. (10) can be characterized as either stable (oscillatory) or unstable (exponential) depending on the choice of parameters 1 , A k and q. Preheating, in the form of parametric resonance, occurs when particular modes of χ are excited, producing a universe whose content is out of thermal equilibrium [6, 7] . In practice, the inclusion of the expansion of the universe complicates the coordinate transformation Eq. (11) by introducing time-dependent Mathieu parameters, A k (t) and q(t) [6, 7] .
In the case of quartic inflation, the time dependence of φ is not purely sinusoidal; rather, the field solution can be written in terms of an elliptic cosine
where x ∝ √ t [26] . Substituting this into the single-field version of Eq. (7) yields a Lamé equation. The dynamics of this can be understood as an approximate Mathieu equation since the elliptical cosine can be decomposed into sinusoidal parts, each of which have an associated Mathieu equation [26] .
This process is non-thermal and generates large anisotropies in the stress-energy tensor. Khlebnikov and Tkachev predicted that this anisotropic stress-energy should be an efficient generator of stochastic gravitational waves [10] . The problem remained largely ignored for several years until Easther and Lim confirmed the effect [12] , in work that sparked a resurgence of interest and activity in the field [15] [16] [17] [18] [19] [20] .
In principle, our understanding of parametric resonance can be trivially extended to the case of many scalar fields, χ α . Since we are taking a single degree of freedom for the inflaton, the behavior of φ(t) in our model Eq. (1), at least initially, should be identical to the single-scalar case. The only difference being that there will be N identical Mathieu/Lamé equations, parametrically sourcing inhomogeneities in each of the χ α .
We do not expect trivial behavior in the dynamics of multi-scalar preheating. In the case of a single scalar, parametric resonance continues until the backreaction becomes important and the inhomogeneities in χ cause the inflaton to loose coherence via the interaction potential V (φ, χ). In the case of many scalars, we expect this effect to be enhanced.
Although the process is highly nonlinear, qualitatively we expect the introduction of many scalar fields χ α to have an effect on the efficiency of preheating either by shortening the process or limiting the amplification of the modes of any particular χ α . The open questions are: (1) how different are the nonlinear dynamics of preheating in the case of many-scalars, and (2) what effect will this have on the generation of gravitational radiation.
To address these questions, we have performed a series of numerical simulations with N = 1, 2, 4, 8, 16, and 32 matter fields χ α . We use the publicly available early universe field evolution package LatticeEasy to perform our simulations. We couple LatticeEasy to a code that evolves the metric perturbation using the methods of [13, 16] .
Tensor perturbations to the metric, h ij , can be written in the synchronous gauge
For this choice of gauge perturbations are purely spatial and obey the transverse-traceless conditions The metric perturbations obey sourced Klein-Gordon equationsḧ
where the source term, S
T T ij
is the transverse-traceless part of the anisotropic stress tensor,
We work in natural units where the speed of light and Newton's gravitational constant are set to unity, c = G = 1.
After we specify our model Eq. (1), LatticeEasy evolves the fields and the scale factor. From this, we calculate the momentum-space anisotropic stress tensor, Eq. (16), which we use to source the evolution of the metric perturbation h ij .
We compute the present-day power spectrum of stochastic gravitational radiation coming from preheating as follows. The stress energy tensor associated with the metric perturbations is [27] ,
where the brackets denote a spatial average. The energy density in gravitational waves is given by
where t µ = (1, 0, 0, 0) in the background metric defined in Eq. (13) and the overdot denotes a time derivative. Using Parseval's theorem (see [16] ) we can compute the power spectrum at the end of the simulation,
where V is the comoving volume over which the spatial average is being performed. We can then write
which is related to the present-day power spectrum via [16, 19] ,
where the 0 and e subscripts denote quantities today and the end of our simulations respectively, h is a dimensionless factor that absorbs the uncertainty in the present value of the Hubble parameter, Ω rad,0 is the current fraction of the energy density in the form of radiation, and ρ tot,e is the total energy density at the end of our simulations. The ratio, g 0 /g e , is the number of degrees of freedom today to the number of degrees of freedom at matter/radiation equality. We approximate g 0 /g e = 1/100. Our simulations run on a 3-dimensional lattice with 128 points along each direction.
III. RESULTS
In both massive and massless models, the period immediately following inflation is characterized by the coherent oscillation of the inflaton, φ, about its minimum. Since this is the dominant mode, during this period the inflaton acts as a homogeneous field Φ(t). As such, the χ α fields each obey identical equations of motion,
We expect the χ α fields to undergo resonance during this stage, each field acting identically. Our expectations for the dependence on N for the gravitational wave spectrum during this period can be sketched out with the following simple argument. The metric perturbation is given by
where G(t, t ′ ) is the Green's function and t is the appropriate time coordinate, either conformal or co-moving, and the overdot represents a time derivative. The gravitational wave spectrum is
For each direction Ω in the integral above, we can perform a rotation to a frame where the gravitational wave is traveling along the z-direction. In this case the square of the stress-energy tensor has a particularly simple form
Every component of the stress energy tensor is a sum of contributions from each field,
(26) Since the field values are uncorrelated we expect the sum to grow like √ N , and hence Eq. (25) and the gravitational wave spectrum should scale like N .
After this initial period, the evolution is highly nonlinear and we resort to numerical simulations to study it. In the following two subsections we investigate the cases of quartic and quadratic inflation.
A. Quartic inflation
We start by examining massless inflation. The inflationary potential is
where we take the value of the self-coupling, λ = 10 −14 , and g/λ = 120. These particular values are chosen to make comparisons with [16, 17, 19] simple and also to satisfy the COBE normalization [28] .
The dynamics observed in our simulations can be described in three stages. During the first stage the inflaton is oscillating coherently at the bottom of its potential, inducing parametric resonance in each matter field independently. The gravitational wave spectrum at this point in the simulations is shown in Fig. 2 . At both high and low frequencies the expected scaling of the gravitational wave spectrum proportional to N is observed. Overall the gravitational wave production at this stage is not substantial. The peaks of the spectra will rise roughly 15 orders of magnitude before the end of the preheating process.
The next stage of the evolution is highly nonlinear. It is marked by the amplification of perturbations of the inflaton driven by the matter fields. The variances of the inflaton fields from each of the simulations are shown in Fig. 3 . The simulations with more matter fields create more backreaction on the inflaton, causing the largest fluctuations in the inflaton in the N = 32 simulation, followed by the N = 16 simulation, and so on. Gravitational wave production at this stage is significant, as finally summarized in Fig. 4 , but the peaks of the spectra are still approximately five orders of magnitude away from their final values. At the same same time, the increased backreation decreases the efficiency of the resonance and the result is that the inflaton resonance ends sooner in the simulations with more matter fields. The effect on the matter fields is shown in Fig. 5 , where the effect of the different N becomes apparent in the evolution of the matter fields.
The nonlinearity of this stage makes it difficult to produce an analytic argument to understand the details of the N -dependence. In the final stage, the fields settle and, in this model of inflation, thermalize.
The final gravitational wave spectra are shown in Fig. 6 . Note that during this stage the higher frequency modes are excited more in the simulations with fewer fields and this leads to a crossing over over of the spectra. 
B. Quadratic inflation
Lastly we investigate quadratic inflation. The potential is given by
where m = 10 −6 m pl and g 2 /m 2 = 2.5 × 10 5 . The stages of preheating are identical to those discussed in the previous subsection. At the end of inflation the inflaton, φ, is coherently oscillating and the modes of the matter fields, χ α , are subject to (approximate) Mathieu equations. During this stage the χ α are parametrically amplified by the coherent oscillations of the inflaton, and we expect the gravitational radiation produced to be proportional to the number of fields. This can be seen in Fig. 7 . As preheating continues, the back-reaction on φ becomes important and preheating becomes inefficient. The N -dependent amplification of gravitational radiation is counteracted by this back-reaction and models with more fields cease to be more efficient. By the time the source term of Eq. (15) vanishes the spectrum of gravitational radiation is virtually independent of N , see Fig. 8 . Namely, the peak frequency and amplitude remain roughly unchanged.
C. N and g
The form of the potential Eq. (2) allows for the field redefinition,
along with a set of angles, θ α , that cover the (N − 1)-sphere. Using this set of fields, the inflation only couples to the norm of the field, ξ,
This can lead one to believe that the addition of scalar degrees of freedom is equivalent to changing the coupling in the case of a single field. The analogy is not exact, though, since the kinetic term must also be modified. Consider, for example, the case of N = 2. In this case we only have one angle θ and the kinetic term becomes,
In other words, if we wish to draw an analogy with singlescalar dynamics, we need to absorb the angular kinetic term into an effective potential,
Using this approach, we can see that ξ has a timedependent mass term, and will generically not vanish when φ vanishes. We can only see one last way to force our analogy to be exact; namely to set θ = 0. Outside of this limiting case, θ is a a dynamical degree of freedom and influences ξ.
IV. CONCLUSIONS
In the early universe, we expect the inflaton to be coupled to many of the fields present at that time. We have investigated the effect of these fields on the dynamics of preheating, and explored changes to the gravitational wave signature compared to the case with just one fieldthe only case investigated in the literature so far.
Our simulations show that parametric resonance is robust to the presence of many scalar fields coupled to the inflaton. In addition, we find significant gravitational wave production regardless of the number of fields.
In the case of many scalars we see two subtle, Ndependent effects. In both quartic and quadratic inflation models we observe an enhancement in the lowfrequency content of the gravitational wave spectrum. This enhancement is caused by the presence of multiple χ α fields, and is sourced when the φ field is homogeneous and oscillating coherently. In this early phase the low frequency enhancement to the gravitational wave spectrum is proportional to N . This is the stage when parametric resonance is most efficient. At later times the presence of extra matter fields induces significant back-reaction on the inflaton and causes parametric resonance to lose efficiency relative to the N = 1 case. In the quartic inflation model this effect suppresses the high frequency content of the gravitational wave spectrum. The combination of the low frequency enhancement and high frequency suppression results in a slight flattening of the spectrum when the number of matter fields is large. Conversely, the effect of the many matter fields on the gravitational wave spectrum in quadratic inflation is significantly less pronounced.
In [13] the authors claim that the detection of a preheating signal is complementary to the detection of primordial gravitational radiation from inflation, and that the energy scale of inflation can also be determined from the gravitational wave signature of preheating. The results of the present work further strengthen the claim that the gravitational wave signature is determined largely by the energy scale of inflation and only weakly depends on the number of matter fields that are coupled to the inflaton.
